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Recently, it was shown that a simple empirical formula, in terms of the mass and valence nucleon 
numbers, can describe the main trends of the yrast excitation energies of the natural parity states 
up to 10 + in even-even nuclei throughout the entire periodic table. The same empirical formula was 
applied to the yrast excitation energies of unnatural parity states including 1 + , 2~, 3 + , 4~, 5 + , 6~, 
7 + , 8", 9+, 10", and 11+ in even-even nuclei. Although the overall character of the effective residual 
interaction for the unnatural parity states was quite different to that of the natural parity states, 
the same form of the empirical formula was found to hold reasonably well for the yrast excitation 
energies of the unnatural parity states. 

PACS numbers: 21.10.Re, 23.20.Lv 
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I. INTRODUCTION 

We benefit sometimes by examining the particular nu- 
clear properties in terms of simple nuclear variables over 
a wide span of the chart of nuclides. The oldest well 
known example is the Weizsacker's semi-classical mass 
formula, which can reproduce the binding energy of the 
ground state of nuclei quite accurately in terms of the 
mass number A and atomic number Z [lj . Another well 
known study is the so-called N p N n scheme, where N p 
and N n are the valence proton and neutron numbers, re- 
spectively. The N p N n scheme denotes the phenomenon 
of a simple pattern that occurs when the nuclear data 
related to the lowest collective states are plotted against 
the product, N p N n . The N p N n scheme has been used 
extensively and successfully for more than two decades 
to correlate the large volume of data on the collective 
degrees of freedom in nuclei Q. 

Recently, another study devised an empirical formula 
by also adopting the valence nucleon numbers, to express 
the yrast excitation energies of the electric quadrupole 
(E2) states in even-even nuclei throughout the entire pe- 
riodic table Q. Later, the same formula was shown to 
be capable of describing the main trends of the yrast ex- 
citation energies of not only the E2 states but also the 
natural parity, even multipole states up to 10 + found 
in all even-even nuclei [4J. In addition, it was demon- 
strated that this empirical formula complied with the 
N p N n scheme, even though the empirical formula itself 
did not explicitly depend on the product N p N n Q. Sub- 
sequently, the empirical formula was tested successfully 
for the yrast excitation energy of natural parity odd mul- 
tipole states up to 9~ [f|. Furthermore, it was also shown 
that the parameters fitted to each multipole can be rep- 
resented by spin dependent parametrization with fewer 
parameters to be fitted with the data. Therefore one set 
of parameters can be applied to the yrast excitation en- 



ergies of the entire naturalparity even or odd multipole 
states in even-even nuclei [7[ . 

It is quite remarkable to have a simple relationship 
in terms of the mass number and valence nucleon num- 
bers between the measured yrast excitation energies of 
the given multipole states in all even-even nuclei. It is 
even more remarkable that the relationship has the same 
functional form regardless of the multipole of the excited 
states under consideration. However, it is better to dis- 
cuss what it means to claim that there is a certain mean- 
ingful relationship between a myriad of data points. This 
issue is raised because the above mentioned empirical for- 
mula was sometimes critiqued its use of too many free 
parameters. This critique is certainly not unreasonable, 
considering John von Neumann's quote, "With four pa- 
rameters, I can fit an elephant, and with five I can make 



Even-Even Nuclei 



Odd-Odd Nuclei 



> 



O 

X 10 
LU 

1 

g> 

CD 0.1 
C 
LU 

O 10 
CO 1 

'o 

a 01 



Da 

< 


ta ' : 


j Data Connected b 


y Isotopic Chains 

|f! Kill// 


: 1 I 1 I 1 I ^ ^T-V 

Empirical 


-=~^ 1 1 1 1 1 1 1 1 h 

Formula 

\ 



•Electronic address: dcha@inha.ac.kr Fax: +82-32-866-2452 



50 100 150 200 250 50 100 150 200 250 

Mass Number A 

FIG. 1: The yrast excitation energy of the E2 states in even- 
even nuclei (left panel) and odd-odd nuclei (right panel). The 
measured excitation energies shown in the top two panels are 
connected along the isotopic chains in the middle panels. The 
calculated excitation energies by the empirical formula of Ref. 
Q| are shown in the bottom two panels. The measured exci- 
tation energies were collected from the ENSDF database [9j. 
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him wiggle his trunk Q." 

As an example, this study considered the yrast exci- 
tation energies of the E2 states measured in even nu- 
clei throughout the entire periodic table. Among these 
yrast excitation energies, those from the even-even nu- 
clei are shown in the top-left panel of FigureHJ while 
those from the odd-odd nuclei are shown in the top-right 
panel. The measured excitation energies were collected 
from the ENSDF database @. Rather irregularly dis- 
tributed data points can be seen in the top two panels. 
However, the same data points of the top left panel from 
the even-even nuclei appear to be arranged neatly after 
being connected along the isotopic chains, as shown in the 
middle left panel of Figure[T] On the other hand, those of 
the top right panel from the odd-odd nuclei appear to be 
distributed irregularly even after being connected along 
the isotopic chains, as shown in the middle right panel. 
Finally, in the bottom panel of the same figure, the yrast 
excitation energies of the same E2 states as those of the 
upper two panels were calculated using the previously 
mentioned empirical formula introduced in Ref. Q. A 
comparison of the middle and bottom panels of Figure[T] 
shows that the measured yrast excitation energies of the 
even-even nuclei are represented well by the empirical 
formula, while those of the odd-odd nuclei are not. 

The aim of this study was to collect all the yrast ex- 
citation energies of the unnatural parity states that had 
been measured up to now in even-even nuclei, and to de- 
termine if there is a simple relationship among them. We 
briefly introduce the empirical formula in Section II and 
then present the results on the yrast excitation energy of 
the unnatural parity states in even-even nuclei in Section 
III. Section IV presents the concluding remarks. 



II. EMPIRICAL FORMULA 



bers from zero whenever the atomic number Z or neutron 
number N crosses one of the major shell boundaries. 

The original four parameter form of the empirical for- 
mula first introduced in Ref. @ for the yrast excitation 
energy of the E2 states in even-even nuclei is written as 
follows: 

E x = aA-t + [3 [e~ XN " + e~ XN "] , (2) 

where a, 7, /3 and A are the model parameters to be 
fitted from the data. However, after testing different for- 
mulae with several other forms including a term with the 
product N p N ni the following six parameter form, 

E x = aA-~< + (3 p e- x - N " + (3 n e~ x ^ (3) 

were chosen as the most appropriate expression for the 
yrast excitation energy of the E2 states in even-even nu- 
clei [HI. Here, the parameters, j3 and A, in Eq. ([2]) are 
split into (3 P , (3 n and A p , A n , respectively. This considers 
the fact that protons and neutrons make different contri- 
butions to the yrast excitation energy, E x . 

The six model parameters were fixed using the usual 
least-squares-fitting (LSF) technique. However, in the 
LSF process, instead of taking the usual error, E x al (i) — 
E° xp (i), between the calculated yrast excitation energy 
-E£ al (z) and measured one, £^ xp (i), for the i-th data 
point, one should employ the logarithmic error Re(}) de- 
fined by 

R E (i)=log[E^(i)]-log[E^{i)] (4) 

in order to consider the fact that the values of E x span a 
broad range differing by as much as an order of two [ill • 
The values of the model parameters were determined by 



One does not normally attempt to describe any graph 
with many spikes, such as the one shown in the mid- 
dle left panel of Figure[TJ using a simple formula, which 
depends on some variables that vary only monotonously. 
The empirical formula can represent such graphs because 
it employs the valence nucleon numbers N p and N n . The 
valence proton (neutron) number N p (N n ) of a nucleus 
with an atomic (neutron) number Z (N) is defined by 

AT (AT \ - I Z ( N ) - N c~l if < Z(N) < M c 

(1) 

where N c is the magic number for the c-th major shell, 
which is given by N = 0, Aq = 8, N 2 = 20, N 3 = 28, 
A 4 = 50, A 5 = 82, A 6 = 126, etc. In addition, 
M c is the average of the two adjacent magic numbers, 
(iV c _i + N c )/2, which corresponds to the number of nu- 
cleons contained in the mid-shell nucleus of the c-th ma- 
jor shell. The valence nucleon numbers, N p and N n , are 
the maximum for the mid-shell nuclei and zero for the 
magic shell nuclei. They repeat the positive integer num- 



TABLE I: Values adopted for the six parameters in Eq. (|3]) for 
the yrast excitation energy E x of the unnatural parity states 
in even-even nuclei. The last three columns are the \ 2 value, 
standard deviation a and total number No of data points, 
respectively, for the corresponding multipole state. 
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47.13 0.67 0.54(0.99) 0.76(0.50) 0.079 0.28 
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49.46 0.76 1.17(1.49) 0.58(0.32) 0.051 0.22 
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172.81 0.86 1.09(1.61) 0.34(0.46) 0.019 0.13 
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350.33 0.97 0.90(1.93) 0.12(0.38) 0.018 0.13 
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253 


er 


107.89 0.83 0.77(1.40) 0.19(0.28) 0.019 0.13 
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FIG. 2: The yrast excitation energies of M3 states in even-even nuclei. The data points are connected by solid lines along the 
isotopic chains in (a) and along the isotonic chains in (b). The upper two panels show the measured yrast excitation energies 
while the lower two panels show those calculated by the empirical formula given by Eq. (0. The measured excitation energies 
were collected from the ENSDF database 



minimizing the \ 2 value, which was defined in terms of 
the logarithmic error by 



III. YRAST EXCITATION ENERGIES OF 
UNNATURAL PARITY STATES IN EVEN-EVEN 
NUCLEI 
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where Nq and p are the number of total data points 
considered and the number of model parameters, respec- 
tively. The LSF process was carried out for each multi- 
pole and different minimum x 2 values were obtained for 
different multipoles. However, the v 2 value itself is not a 
good measure for comparing the degrees of fitting for dif- 
ferent multipoles. Instead, this study adopted the usual 
standard deviation a defined by 
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which is practically the same as the square root of the \ 2 
value when Nq 3> p. 



For the last two years, it has been shown that Eq. © 
can be used to describe the entire set of the yrast exci- 
tation energies measured in all the even-even nuclei for 
the natural parity states, including even multipoles up 
to 10 + as well as odd multipoles up to 9~ 0, Moti- 
vated by such results on the natural parity states, this 
study collected all the measured yrast excitation ener- 
gies of the unnatural parity states in even-even nuclei 
from the ENSDF database 0. The model parameters a, 
7, f3p, I3 n , X p and A„ of Eq. ([3]) were determined using the 
LSF process for each multipole state, including the odd 
multipole states up to 11 + and even multipole states up 
to 10~. Table|T] lists the fitted parameter values with the 
X 2 value, standard deviation a and total number of data 
points No of the corresponding multipole state. These 
results, when compared to those of the natural parity 
states, show that Eq. © can describe the yrast excita- 
tion energies of the unnatural and natural parity states. 
The parameter values of this study were determined simi- 
larly to those of the natural parity case, and the standard 
deviation a of the unnatural parity multipoles were the 



4 



Data Empirical Formula 




1 - 



50 100 150 200 250 50 100 150 200 250 

Mass Number A 

FIG. 3: The yrast excitation energy of the unnatural parity 
odd multipole states including 1 + , 5 + , 1 + , 9 + , and 11 + in 
even-even nuclei. The measured excitation energies and those 
calculated by Eq. (|3]) are shown in the left and right panels, 
respectively. All data points are connected along the isotopic 
chains. The measured excitation energies were collected from 
the ENSDF database 0. 

same or even less than those obtained for the natural 
parity multipoles. 

Indeed, Eq. Q was suitable for both the natural and 
unnatural parity states. It has been known for quite a 
long time [l2j that, for the natural parity states, the low- 
est excited state is usually a collective one because the 
spin-isospin independent effective residual interaction is 
mainly attractive . Therefore, among the given natural 
parity multipole states, the lowest yrast state can repre- 
sent the main characteristics of that multipole. However, 
the spin-isospin dependent effective residual interaction, 
which governs the collectivity of the unnatural parity 
states, is mainly repulsive. That means the collective 
states among the given unnatural parity multipole states 
lie at a somewhat higher part of the excitation energy 
spectrum and the yrast excitation energy can be thought 
to be determined quite irregularly. Therefore, it is diffi- 
cult to imagine that, in the case of the unnatural parity 
states, the yrast excitation energies, whose values are in 
some sense chosen arbitrarily, will follow a given routine. 

Three graphs were prepared (Figures[2]|4|) to determine 
how well Eq. describes the yrast energies of the un- 



natural parity states, where the data was compared with 
the yrast excitation energies calculated by Eq. ([3]). We 
begin by picking up one typical multipole state among 
the eleven unnatural parity multipoles, namely the mag- 
netic octupole (M3), and showing their yrast excitation 
energies in more detail (Figure[2])- The upper panels of 
the figure show the measured yrast excitation energies 
while the lower panels of the same figure show those en- 
ergies calculated using Eq. (J3j) , using the parameter listed 
in TablelH The data points in Figure[Ha) are connected 
along the isotopic chains while those in Figurel^b) are 
connected along the isotonic chains. (In the electronic 
version, the color code for the isotopic (isotonic) chains 
in Figure[2]Ja) is the same as the color code for the cor- 
responding isotopic (isotonic) chains in Figure^b).) By 
comparing the measured yrast excitation energies (up- 
per two panels) with the calculated ones (lower two pan- 
els) , it can be seen that Eq. ([3]) can explain the essen- 
tial trends of the M3 yrast excitation energies measured 
in even-even nuclei throughout the entire periodic table. 
However, we do not claim that each one of the calculated 
yrast excitation energies represents a theoretical estimate 
of the yrast excitation energy of the corresponding state. 
Rather, there is a certain relationship between the yrast 
excitation energies of the same unnatural parity multi- 
pole, like M3, which are observed in different even-even 
nuclei. Moreover, the empirical formula, Eq. ([3]), can re- 
veal the main characteristics of that relationship. For 
example, the structure of the A dependent shape due to 
major shell closure is clearly reproduced and the distinc- 
tion between the shapes of the isotopic and the isotonic 
chains is also demonstrated by Eq. ([3]). However, some 
regions where Eq. ^ cannot properly reproduce the ob- 
vious bulged downward structure are shown by the data 
at A ps 110, 165, 190 and 230. However, this type of 
discrepancy was also observed in the case of the natu- 
ral parity odd-multipole states, which was attributed to 
some strong multipole correlations between nucleons at 
the Fermi level @. 

The performance of Eq. Q on the yrast excitation en- 
ergies of the unnatural parity states other than the M3 
state can be examined by inspecting the next two figures. 
The yrast excitation energies of the unnatural parity odd 
multipole states up to 11+ were plotted as a function of 
the mass number A in Figure [3J The yrast excitation 
energies of the unnatural parity even multipole states up 
to 10 _ were plotted as a function of the mass number A 
in Figure |U The left panels of these two figures show the 
measured yrast excitation energies while the right pan- 
els of the same figures show those energies calculated by 
Eq. ([3]) using the parameter set listed in TablelH Both the 
measured and calculated data points are connected along 
the isotopic chains. (In the electronic version, the data 
points that belong to the same isotopic chain are shown 
by the same colored symbols, and the color code for the 
measured data points in the left panels is the same as 
the color code for the corresponding calculated points in 
the right panels.) Observing these graphs, it can be seen 
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FIG. 4: Same as in FigureO but for the unnatural parity 
even multipole states including 2", 4", 6", 8" and 10" in 
even-even nuclei. The measured excitation energies were also 
collected from the ENSDF database M. 



that the overall A dependent shape of the data points 
was reproduced well for all the multipoles considered in 
Figures[3] and U in a similar manner to the case of the 
M3 state shown in Figure[2] In addition, a comparison 
of these graphs with those of similar studies on the nat- 
ural parity states from Refs. [4[ and [6|], showed that the 
results on the unnatural parity states were comparable 
to those on the natural parity states. 

Finally, this study compared the histograms for the oc- 
currence of the logarithmic error Re defined by Eq. Q 
in Figure[5]for four randomly chosen natural (left panels) 
versus unnatural (right panels) parity multipole states. 
The abscissa and ordinate of Figure[S] denote the loga- 
rithmic error and relative number of occurrence, respec- 
tively. The area under each histogram (the total relative 
number of occurrence) was normalized to unity in or- 
der to make a proper comparison of the degree of the 
fit between different multipoles. A comparison of the 
histograms of the unnatural parity states with those of 
the natural parity states from Figure[5] shows that the 
performance of Eq. ([3]) for the unnatural parity states is 
as good as, if not better, than that for the natural par- 
ity states. Such an assessment is reinforced when the 
standard deviations listed in Tablefl] such as 0.22(3 + ), 
0.16(4"), 0.14(7+), and 0.13(8") for the unnatural par- 
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FIG. 5: The histograms for the occurrence of the logarithmic 
error Re defined by Eq. Q for four randomly chosen natural 
(left panels) versus unnatural (right panels) parity multipole 
states. The area under each histogram was normalized to 
unity. 



ity states, are compared with those quoted from Refs. 
[| and % such as 0.27(3"), 0.27(4+), 0.19(7"), and 
0.23(8+) for the natural parity states. 



IV. CONCLUDING REMARKS 

These results show that the empirical formula, Eq. ^ , 
can be applied reasonably well to describe the essential 
trends of the yrast excitation energies of the unnatural 
parity states in even-even nuclei throughout the entire 
periodic table. This work completes a series of studies 
where the empirical formula was tested on the yrast ex- 
citation energies of various different multipole states. It 
started with the E2 states where the measured yrast ex- 
citation energies, when plotted against the mass number 
A, show an already distinctive pattern, as shown in Fig- 
ureETJ 3. Although the agreement between the overall 
shapes made by the measured E2 yrast excitation ener- 
gies and the calculated ones were impressive, the empir- 
ical formula itself did not gain much recognition because 
it was obtained rather accidentally and the physical ori- 
gin of each term in the empirical formula could not be 
obtained, except for a couple of discussions regarding the 
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possible interpretation [l3|, [3] • 

Nevertheless, the test of the empirical formula on the 
yrast excitation energies was carried out first to the 
higher even multipole natural parity states, such as 4 + , 
6 + , 8 + , and 10 + , and then to the natural parity odd 
multipole states, including 3 _ , 5 _ , 7~, and 9 _ . Such 
tests always ended up with affirmative results as already 
explained. Even the yrast excitation energies of the un- 
natural parity states followed the empirical formula, even 
though such results were unexpected. Therefore, the em- 
pirical formula, Eq. (J3]) , characterize the overall shape of 
the yrast excitation energy of all multipolcs including 
both the natural and unnatural parity states. 

On the other hand, this conclusion strongly suggests 
that there is a certain relationship between the yrast ex- 
citation energies regardless of their multipole or parity. 
It should be emphasized that it is the empirical formula, 



Eq. ([3]), even though the empirical formula itself does not 
attract much recognition, which allows us to comprehend 
the very existence of a relationship between the yrast ex- 
citation energies. Once it has been established that there 
is a universal relationship between the yrast excitation 
energies, it is natural to imagine that there would some 
underlying dynamical origin. Unfortunately, the origin 
is unclear. However, the functional form of the empirical 
formula, Eq. Q, might provide a clue. Therefore, further 
study will be needed. 
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